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All graphs considered in this paper are simple. Let F be a family of undirected graphs on
vertex set [n] := {1,...,n}. Say that F is P-intersecting for a graph property P if F N F’
satisfies the property P for all distinct F, F’ € F. The natural extremal problem is to
find the maximum size of a P-intersecting family over [n]. Classically, many extremal
problems of this kind have been studied where P is the property “contains a copy of
I for some fixed graph I'. For instance, an important conjecture of Simonovits—Sds
from 1976 stated that the maximum size of a triangle-intersecting family of graphs

over [n] is 2(3)73; this was proved by D. C. Ellis, Y. Filmus and E. Friedgut [J. Eur.
Math. Soc. (JEMS) 14 (2012), no. 3, 841-885; MR2911886] by spectral and Fourier
analytic methods. In this short paper, the authors consider the following problems,
motivated by the work of A. Berger et al. [“Connected-intersecting families of graphs”,
preprint, arXiv:1901.01616], who showed that any connected-intersecting family F over
[n] satisfies |F| < 9(3)~(n-1),

First, let F be a family of directed graphs over [n] that is strongly connected-
intersecting. Then, the authors show that |F| < 2"("~D="_ This bound is seen to be
tight by considering the family of all directed graphs containing a fixed directed n-cycle.

Next, let F be a family of oriented graphs over [n] that is strongly connected-
intersecting, where an oriented graph is a directed graph obtained by orienting the

edges of an undirected graph. Then, the authors show that |F| < 3(3)-n, Here, equality
occurs if and only if F consists of all oriented graphs containing a fixed directed n-cycle.
Next, let F be a family of undirected graphs over [n] that is Hamiltonian-intersecting.

Then, |F| < 2(3)_", and as before, equality occurs if and only if F consists of all
undirected graphs containing a fixed n-cycle. Essentially the same proof shows that the
same bound holds for any family F of undirected graphs over [n] that is biconnected-
intersecting.

The authors then raise the following conjectures for families of undirected graphs over
[n]. It is conjectured that if F is a family of graphs that is 2-edge-connected-intersecting,

then |F| < 2(5)="_ This is based on the hypothesis that the best case scenario is when
F consists of all graphs containing a fixed n-cycle.
Next, it is conjectured that if F is a family of graphs such that the intersection of any

two members of F has at most two connected components, then |F| < (n+ 1)2(3)7”.
This is based on the hypothesis that (one of) the best case scenario(s) is when F consists
of all graphs containing all but (at most) one of the edges of a fixed n-cycle.

Lastly, it is hypothesized that if “two connected components” is replaced by “k
connected components” in the previous conjecture for k > 3, then the best case scenario
is (for large enough n) to fix a graph H containing k — 1 cycles of balanced lengths
meeting at a single vertex, and then let F consist of all graphs containing all but (at
most) k — 1 edges of H, one from each cycle. Specifically, when k£ = 3 and n is odd, it is
conjectured that |F| < %2(3)_".

The proofs are short and interesting applications of linear algebraic methods, and the
uniform covers theorem of B. Bollobds and A. Thomason [Bull. London Math. Soc. 27
(1995), no. 5, 417-424; MR1338683]. These results add to the vast body of literature on
Erdos—Ko—Rado-type theorems for intersecting graph families.

The proof of the case when F is a family of oriented graphs that is strongly connected-
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intersecting has a couple of typos. Here, the authors find that |7(F)| = 3D for
a=1- -2+, where 7 is the projection onto the set of 2(n — 1) directed edges on [n]
that are incident on a fixed vertex ¢. Then, they apply the uniform covers theorem of

Bollobas and Thomason to conclude that |F| = 3(5)e, However, in order to apply the

uniform covers theorem, one needs to express |7(F)| as 32("=D8 for g =1 — L and

2 -1
then conclude that | F| = 37(n—1)5,

Furthermore, while it is true that any extremal family FcC (0,1, 2)(3) is a product of
n singletons and (Z) —n sets of size 3, it is not completely clear that this deserves to be
called a “cuboid, that is, a product of 1-dimensional sets”. For, the equivalence classes of
the uniform cover here are the (g) two-element sets {(, 7), (J,%)}, so the corresponding
body Kr c R*™=1) is a product of the projections of K onto the two-dimensional
planes corresponding to these coordinates. In particular, there are (g) — n such planes
where the projection of K has area 3, but is not a rectangle; so, K is not a cuboid in

R™™=1) when F is extremal. Brahadeesh Sankarnarayanan
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